COMPUTING RESIDUE CURRENTS OF MONOMIAL 
IDEALS USING COMPARISON FORMULAS 
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Abstract. Given a free resolution of an ideal a of holomorphic 
functions, one can construct a vector-valued residue current, R, 
which coincides with the classical Coleff-Herrera product if a is 
a complete intersection ideal and whose annihilator ideal is pre- 
cisely a. 

We give a complete description of R in the case when a is an Ar- 
tinian monomial ideal and the resolution is the hull resolution (or a 
more general cellular resolution) , extending previous results by the 
second author. The main ingredient in the proof is a comparison 
formula for residue currents due to the first author. 



1. Introduction 

With a regular sequence f\, . . . , f p of holomorphic functions at the 
origin in C n , there is a canonical associated residue current, the Coleff- 
Herrera product Rq H = d[l/f p ] A • • • A <9[l//i], introduced in [10]. It 
has support on {/i = . . . = f p = 0} and satisfies the duality principle 
([11, 20]): a holomorphic function £ is locally in the ideal (f) generated 
by fx, . . . , f p if and only if £ annihilates Rc H , i.e., £,Rq H = 0. Given a 
free resolution of an ideal (sheaf) a of holomorphic functions, Andersson 
and the second author constructed in [5] a vector- valued residue current 
R that satisfies the duality principle, and that coincides with R CH 
if a is a complete intersection ideal, generated by a regular sequence 
fx, . . . , f p , see Section 2. This construction has recently been used, 
e.g., to obtain new results for the (^-equation and effective solutions to 
polynomial ideal membership problems on singular varieties, see, e.g., 
[2,3,4,7,24]. 

In this paper we compute the current R for the hull resolution (and 
more general cellular resolutions), introduced by Bayer-Sturmfels [8], 
of Artinian, i.e., 0-dimensional, monomial ideals, extending previous 
results by the second author. The hull resolution of a monomial ideal 
M is encoded in the hull complex, hull(M), which is a labeled polyhe- 
dral cell complex in R n of dimension n — 1 with one vertex for each 
minimal generator of M. The face a G hull(M) is labeled by the least 
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common multiple of the monomials corresponding to the vertices of a, 
see Section 4. 

Theorem 1.1. Let M be an Artinian monomial ideal in C n and let R 

be the residue current constructed from the hull resolution of M. Then 
R has one entry R a for each (n — 1)- dimensional face a o/hull(M) ; 
and 



R* = d 



yU. r 



A • • • A d 



where z" 1 • • • z" n is the label of a. 

If M is a complete intersection ideal, hull(M) is a (n — l)-simplex 
and the hull resolution is the Koszul complex. In general, hull(M) is a 
polyhedral subdivision of a (n— l)-simplex. In fact, Theorem 1.1 holds 
for more general cellular resolutions, where the underlying polyhedral 
cell complex is a polyhedral subdivision of the (n — l)-simplex, see 
Theorem 5.1. 

In [26, Proposition 3.1] the entries R a were computed up to multiples, 
i.e., each R a was shown to be of the form R a = c a d[l/z^"]A- ■ -Ad[l/ ' z^ 1 ] 
for some c a £ C. If the cellular resolution is minimal, we could see that 
each c a is nonvanishing by using that R satisfies the duality principle, 
see [26, Theorem 3.5] 1 . Also, [26, Theorem 3.3] asserts that if M is 
a so-called generic monomial ideal, c a ^ if and only if a is in the 
so-called Scarf complex of M, see Section 4.1. 

In [26] the current R was computed as the pushforward of a cur- 
rent in a toric resolution of the ideal M. The proof of Theorem 1.1 
given here is different and more direct. The key ingredient is a com- 
parison formula for residue currents due to the first author. If . . . — > 
0(E k ) — > 0{Ek-i) — >■ ••• is a resolution of an Artinian ideal o and 
...—>■ 0(F k ) — > 0(F k _ 1 ) — > ... is a resolution of b C a, then there 
are (locally) maps a k '■ 0(F k ) — > 0(E k ), so that the obvious diagram 
commutes. Theorem 1.3 in [14] asserts that R E a^ x = a n _ 1 R F if R E 
and R F are the currents associated with 0(E,) and 0(F,) ) respec- 
tively, see Section 2.1. Letting 0(E,) be a cellular resolution of M 
and 0(F.) the Koszul complex of a sequence z^ 1 , . . . , z^ 1 , such that 
the ideal (z^ 1 , . . . , z^ 1 ) is contained in M, we explicitly find mappings 
a k , see Proposition 5.2. Since R F is the simple Coleff-Herrera product 
<9[l/4 n ] A • • • A dll/z* 1 ] it is then easy to compute R = R E . 

One of the motivations for computing R (including the coefficients 
c a ) was that we wanted to understand the current d<fo o • • • o d(p n _i o R, 
where (p k are the maps in the resolution. For the hull complex of a 
generic monomial ideal M C Oq we can explicitly compute dip := dip^o 
■ ■ • o d(p n -i and it follows that dip o R = m[0], where m = dim c Oq/M 
so that m[0] is the so-called fundamental cycle of M, see Section 8. 



1 There is a misprint in the statement of Theorem 3.5 in [26]. The word generic 
should not be included in the assumption. 
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However, we recently managed to prove a generalized version of this 
equality for arbitrary ideals of pure dimension, also by using the com- 
parison formula for residue currents from [14]; this will be the subject 
of the forthcoming paper [15]. 

The paper is organized as follows. In Sections 2 and 4 we provide 
some background on residue currents and cellular resolutions, respec- 
tively. In Section 3 we prove some basic results concerning oriented 
polyhedral complexes, which are needed for the proof of Theorem 1.1 
(and the slightly more general Theorem 5.1). The proof occupies Sec- 
tion 5. In Section 6 we compare Theorems 1.1 and 5.1 to previous 
results and also illustrate them by some examples. In Section 7 we 
consider residue currents of non-Artinian monomial ideals, and, finally, 
in Section 8 we discuss the relation to fundamental cycles. 
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2. Residue currents 

Given a holomorphic function / we will write [1 / /] (or sometimes just 
1/ /) for the principal value distribution of 1/ /, which can be realized, 
e.g., as the limit of the smooth approximands rm^r e - If / is a regular 
sequence of (germs of) holomorphic functions fa, . . . , f p one can give 
meaning to products of principal values [1/fj] and residue currents 
5[l/f k ], as was first done in [10], see also [21]. The products can be 
defined, e.g., by taking the limit of products of the corresponding forms 
^ — and 8 txwtt ■ They are ( ant i-) commutative in the factors and 

gi •••g a , then 



satisfy Leibniz' rule: if fa 
(2.1) 



d 



1 

fa 



A- • -Ad 



1 

Ti 



E 



9i---9j---9s 





' 1 " 




1 




' 1 " 


d 




Ad 


.fa-i. 


A- ■ -Ad 






.9j. 






X 



We will denote the Coleff-Herrera product d[l/f p ] A ■ ■ ■ A d[l/ fa] of / 



by R f CH . .. j 3 
test form £(z)dzi A ■ 



If/,' 



for j = 1, . . . , n, then the action of R CH on the 
■ • A dz n equals 

(2ni) n Qbi+-+b n -n 



(6i -!)!•••(&„ -l)!^ 1 " 1 -. -dzfr 



Consider a complex of Hermitian holomorphic vector bundles over a 
complex manifold X of dimension n, 



(2.2) 



->■ E 



¥2 k 



N 



E 1 



En 
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that is exact outside an analytic variety ZcXof positive codimension 
p. Suppose that the rank of E-i is 1. In [5] Andersson and the second 
author constructed an End ( ® Eh)- valued current R = R E , that in a 
certain sense measures the exactness of the associated sheaf complex 
of holomorphic sections 

(2.3) 0^O(E N ) 0(Eo) ^hO{E. 1 ). 

It has support on Z and if £ G O(E-i) satisfies R£ = then £ G 
lm<po- If (2.3) is exact, i.e., if it is a locally free resolution of the sheaf 
0(E-i)/lm(po, then i?£ = if and only if £ G Im</?o- The grading in 
(2.2) is somewhat unorthodox; in [5] the complex ends at E . In this 
paper the grading is shifted by one step, in order to make it fit the 
grading of the hull complex better. 

Let R k denote the component of R that takes values in Horn (Eg_i, E^-i) 
and let R e = R k . Although the grading of (2.2) is different from the 
one in [5], R e k coincides with R k in [5]. If (2.3) is exact, then R e = 
for £ > 1. We then write Rk = R k without risk of confusion. The 
current Rk has bidegree (0,k), and thus, by the dimension principle 
for residue currents (see [6], Corollary 2.4), Rk = for k < p, and for 
degree reasons, Rk = for k > n. In particular, if (2.3) is a resolu- 
tion of length p of a Cohen- Macaulay ideal sheaf, i.e., at each x G X , 
there is a resolution of length p (so that (2.3) ends at level p — 1), then 
R = R p . In this case, R is independent of the Hermitian metrics on 
the bundles E^. By Hilbert's syzygy theorem, each O-dimensional ideal 
sheaf is Cohen-Macaulay. 

The degree of explicitness of the current R of course depends on the 
degree of explicitness of the complex (2.2). In general it is hard to find 
explicit free resolutions. In Section 4 we will describe a method for con- 
structing free resolutions of monomial ideals due to Bayer-Sturmfels [8]. 

Example 2.1. Let / be a sequence of holomorphic functions fi, . . . , f p 
in a domain f2 in C™, and let (2.2) be the Koszul complex of /, i.e., 
identify / with a section f — fjCj of a trivial vector bundle E of 
rank p over Q with frame Cj. Let Ek-i be the kth exterior product 
A k E* of the dual bundle E*, and let (fk-i be contraction 5/ with /, 
i.e., 

j 

where e* is the dual frame to Cj. Then the entries of R E are the 
Bochner-Martinelli residue currents of f, in the sense of Passare-Tsikh- 
Yger [22], see [1]. If / defines a complete intersection ideal a, then the 
Koszul complex of / is a resolution of a and the current R E = R E 

then equals the Coleff-Herrera product R? CH (times e* A • • • A e*). The 
currents R E can thus be seen as generalizations of the Coleff-Herrera 
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products and the fact that R E ^ = if and only if £ G Im ip can be seen 
as an extension of the duality principle for Coleff-Herrera products. 

□ 

2.1. A comparison formula for residue currents. Assume that 
E.,tp. and F,,ip, are Hermitian complexes of vector bundles and that 
there are holomorphic mappings a k : O(Fk) — > O(Ek) so that the 
diagram 

(2.4) > 0(E N ) . . . — ^ O(E ) 



a N 



ao 



a-i 



ipo 



, 0{F N ) ^ . . . — ^ O(F ) O(F_0 

commutes. For example, if the sheaf complex (2.3) is exact and Im^ C 
Imy9 one can always find maps a k : O x (F k ) — >■ O x (E k ) for each a; G 
X, so that the corresponding diagram commutes. In [14] the residue 
currents associated with E.,{p. and F.,tp, are related in terms of the 
morphisms a k . 

Assume that 0(E,),ip % and 0(F,),ip, are locally free resolutions of 
minimal length of 0(E^ 1 )/a and 0(F_i)/b, respectively, where a and 
b are Cohen-Macaulay ideals of codimension p. Then Theorem 1.3 in 
[14] asserts that 

(2.5) R E a-! = a p -\R F . 

If E,, if, and F„, ■0. are Koszul complexes of regular sequences fi, . . . , f p 
and gi, . . . , g p such that [g p . . . gi] T — A[f p . . . f\] T for some holomorphic 
matrix A, then (2.5) is just the transformation law for Coleff-Herrera 
products: 

(2.6) R f CH = det(A)R 9 CH , 
see [14, Remark 2]. 

3. Oriented polyhedral cell complexes 

Recall that a face of a polytope a is the intersection of a and a 
supporting hyperplane of a. A polyhedral cell complex X is a finite 
collection of convex polytopes in R n for some n, the faces of X, that 
satisfy that if a G X and r is a face of a, then r G X, and moreover if a 
and a' are in X, then crfler' is a face of both cr and a'. For a reference on 
polytopes and polyhedral cell complexes, see, e.g., [29]. The dimension 
of a face a, dimcr, is defined as the dimension of its affine hull (in R n ) 
and the dimension of X, dimX, is defined as max CTe x dimcr. Let X k 
denote the set of faces of X of dimension k; X_i should be interpreted 
as {0}. If dimcr = k, then a face of cr of dimension A; — 1 is said to 
be a facet of cr. Faces of dimension are called vertices and faces of 
dimension 1 are called edges. A face cr is a simplex if the number of 
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vertices is equal to dim a" + 1. A polyhedral cell complex X' C X is 
said to be a subcomplex of X. 

We will write \X\ for the union of all faces in X. A polyhedral subdi- 
vision of a polytope a C R n is a polyhedral cell complex X, such that 
\X\ — a. If y is a polyhedral cell complex such that \X\ = \Y\ and 
each face in Y is a union of faces in X; we say that X refines Y. 

The following lemma is probably well-known, but we include a proof 
for the reader's convenience. Note that the assumption that \X\ is 
convex is crucial. For example, the lemma fails to hold if X consists of 
three edges meeting at a single vertex. 

Lemma 3.1. Let X be a polyhedral cell complex of dimension k > 1, 
such that \X\ is a convex polytope. Consider r G X k _i. Ifr is contained 
in the boundary of \X\, there is a unique a G X k such that r is a facet 
of a. Otherwise there are precisely two faces Oi, a 2 £ X k such that r is 
a facet of &i and a 2 . 

Proof. Since \X\ is convex, we may assume that \X\ is contained in 
R*i,...,x fc an d that r is contained in the hyperplane {x k = 0} C R^i,...,x fc - 

Assume that there is an x G \X\ such that x k > 0. We claim that 
then r is the facet of a unique <j\ G X k contained in the half-space 
Hi := {x k > 0}. First, to see that there is at least one such o\, let 
C be the convex hull of r and x. Clearly C is contained in Hi and 
since \X\ is convex, C is contained in \X\. Since \X\ = [J (jeXk o, it 
follows that C is contained in the union of faces X' k C X k that are not 
contained in H 2 := {x k < 0}. This implies that r = \J ae x' k ° n T - ^ n 
particular, there exists <Ji G X[ such that the dimension of (Ji D r is 
k — 1, and since <7i fl r is a face of r it must be equal to r. Hence r is 
a face of <7i. This means, in particular, that {x k = 0} is a supporting 
hyperplane of a - ! and thus a x must be contained in the half-space H\. 
Next, assume that r is the facet of Oi and a[ in X' k . Fix a point 
(xi, . . . , x k -i,0) in the interior of r. Then <Ji contains a point of the 
form (xi, . . . , Xfc_i, t), where t > 0, and analogously a[ contains a point 
of the form (xi, . . . , t'), where t' > 0. Since Ui and a[ are convex, 
the convex hull of r and the point (xi, . . . , x^-i, min(t, t')) is contained 
in o~i C\ a[. It follows that Oi fl o"^ is a A;-dimensional face of both Oi 
and a[. Hence Oi — a[, which proves the claim. Analogously, if there 
is an x G \X\, such that x k < 0, then r is the facet of a unique (X 2 G 
contained in the half-space H 2 . 

Since |X| is a convex polytope of dimension k, r is contained in the 
boundary of \X\ if and only if \X\ is contained in one of the half spaces 
Hi or H 2 . If | AT | is contained in, say, Hi, there is an x G \X\ such 
that x k > and the claim above gives the existence of a unique face 
<7i G A fc (contained in ifx) such that r is a facet of a\. Otherwise there 
exist x, x' G \X\, such that x k > and rr' fc < 0, and we get unique faces 
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<7i, (T2 G Xfc, contained in Hi,H 2 , respectively, such that r is a facet of 
0i and 2 . 

□ 



3.1. Orientation. For a convex set S C R n we let spanS* be the 
underlying vector space of the affine hull of S. In other words, span S 
is the subspace of R n generated by vectors of the form p-y — p 2 , where 
Pi, P2 G S. By an oriented polytope in R n we will mean a polytope 
C R n together with an orientation of the subspace span0. Within 
this section will write a for the polytope and reserve a for the oriented 
polytope. Recall that an orientation of span a is determined by a linear 
form, which we denote by uj a , on A fc (spancr) if dimcr = k > 1; a basis 
Wi, . . . , Wk of span is positively oriented if and only if u a (wi A • • • A 
Wk) > 0. There is only one way of orienting polytopes of dimension 
as well as the empty set. 

An oriented simplex can equivalently be seen as a simplex together 
with an equivalence class of the total ordering of the vertices, where 
two orderings are equivalent if and only if they differ by an even 
permutation. We write [vi, . . . , i>fc+i] for the simplex with vertices 
v±, . . . ,v k+1 together with the equivalence class of the ordering V\ < 
. . . < i>fc+i, and —[vi,... , ffc+i] for the simplex with the opposite ori- 
entation, cf., for instance, [23, Chap. 4]. If a is a simplex with vertices 
vi, . . . , Vk+i, we identify a = [vi, . . . , Vk+i] with a oriented so that the 
basis v\ — Vk+i, ■ ■ ■ , v k — ffe+i of span0 is positively oriented. 

An oriented polytope a of dimension k > 2 induces orientations of 
the facets of a in the following way: Let r be a facet of a, and let r] be 
a normal vector to the affine hull of r in the affine hull of g_ pointing in 
the direction of a. We will say that such a vector r\ is a normal vector 
to t pointing inwards to a. Then, the orientation of spanr induced by 
is defined by that a basis w±, . . . , Wk-i of span r is positively oriented 
if and only if rj,Wi, . . . ,Wk-i is a positively oriented basis of spancx. 
If is a simplex [vi, . . . , Vk+i] and r is obtained from a by removing 
the vertex Vj, then it is easily verified that a induces the orientation 

(-l)^ 1 ^!, . . .,Vj-i,V j+1 , . . .,V k +l] Of T. 

We say that a polyhedral cell complex is oriented if each face is 
equipped with an orientation. More precisely, an oriented polyhedral 
cell complex is a finite collection of oriented polytopes 0, such that the 
underlying polytopes form a polyhedral cell complex; we say that r 
is a face of if r is a face of etc. 

If X is an oriented polyhedral cell complex, G Xk, and r G Xk-i 
is a facet of 0, let sgn(r, 0) = 1 if the orientation of r induced by the 
orientation of coincides with the orientation of r, and let sgn(r, 0) = 
— 1 otherwise. If wi, . . . ,Wk-i is a basis of spanr, and 77 is a normal 
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FIGURE 1. Examples of faces a, r, a', and t' in 
Lemma 3.2 (in the left and middle figure) and faces o~±, 
cr 2 and r in Lemma 3.3 (in the right figure). 



vector of r pointing inwards to a, then 
(3.1) 

sgn(r, cr) = sgn (uj a (j] A w± A ■ ■ • A tu^-i))/ sgn (w T (u>i A • • • A tu fc -i)). 

If /c = 1, we interpret sgn(r, o") as 1 if the normal i] pointing inwards 
to q_ is positively oriented, and —1 otherwise, and if k = we interpret 
sgn(r, a) as 1. This is consistent with (3.1) if we interpret uj a as 1 if 
dim <t < 0. 

Similarly if o G X k and a' is any oriented polytope of dimension k 
that is contained in a (i.e., a' C <t), let sgn(o r ', cr) = 1 if the orientation 
of span a' = span a given by a' coincides with the orientation given by 
a and let sgn(<r', a) — — 1 otherwise. If wi, . . . , Wk is a basis of span a, 
then 

(3.2) sgn(cr / ,cr) = sgn {u a (wi A • • • A w fc ))/sgn (w^(wi A • • • A w fc ))- 
If k < 0, sgn(<T',(T) should be interpreted as 1. 

Lemma 3.2. Let X and X' be oriented polyhedral cell complexes such 
that X' refines X. Assume that a G Xk and a' G X' k satisfy a' C cr. 
Moreover assume that t G Xk~i and t' G X' k _ 1 are facets of a and a' , 
respectively, and that r' C r. Then 

(3.3) sgn^', a) sgn(r', a') = sgn(r, a) sgn(r', r). 

Proof. Let 77 be a normal vector of r' pointing inwards to &. Then, r] 
is also a normal vector of r pointing inwards to o\ Let Wi, . . . , Wk-i 
be a basis of spanr' = spanr. Then by (3.1) and (3.2), both sides of 

(3.3) are equal to 

sgn A Wx A • • • A w k -i))/ sgn (cu r /(wi A • • • A w k -i)). 

□ 

Lemma 3.3. Let a be an oriented polytope of dimension k > 1, and 
let X be a polyhedral subdivision of a. Assume that r G X k _i is a facet 
of two faces a 1 ,a 2 G X k . Then 

(3.4) sgn(o"i, cr) sgn(r, a x ) + sgn(a 2 , cr) sgn(r, ct 2 ) = 0. 
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Proof. As in the proof of Lemma 3.1 we may assume that \X\ — q_ C 
R-xi,...,x fc ) T. C = 0}, and o;- C = 1,2. Then the vector 

7] :— (0, . . . , 0, 1) is a normal vector to r pointing inwards to g_ x and — r] 
is a normal vector to r pointing inwards to a 2 - Letting wi, . . . ,w k _i 
be a basis of spanr, by (3.1) and (3.2) the first term in the left hand 
side of (3.4) equals 

(3.5) sgn (uj a {v A «7i A • • ■ A w k -i))/ sgn (oj t (w 1 A • • ■ A w k -i)). 
and the second term equals (3.5) with the opposite sign. 



4. Cellular resolutions of monomial ideals 

Let us recall the construction of cellular resolutions due to Bayer- 
Sturmfels [8]. Let S be the polynomial ring C[z±, . . . , z n ]. We say that 
an (oriented) polyhedral cell complex X is labeled if there is monomial 
TOj in S associated with each vertex V{. An arbitrary face a of X is 
then labeled by the least common multiple of the labels of the vertices 
of a, i.e., by m a = lcm{mj|i G a}; m® should be interpreted as 1. We 
will sometimes be sloppy and not differ between the faces of a labeled 
complex and their labels. 

If X and Y are two labeled polyhedral cell complexes, we say that X 
refines Y if X refines Y as polyhedral cell complexes, i.e., \X\ = \Y\, 
and each face of Y is a union of faces in X, and in addition, we require 
that if a' G X, a G Y, and a' C cr, then m a i\m c . Note that this 
implies that the ideal generated by the labels of the vertices of Y must 
be contained in the ideal generated by the labels of the vertices of X. 

Let M be a monomial ideal in S, i.e., M can be generated by 
monomials. We will use the shorthand notation z a for the mono- 
mial z" 1 ■ ■ ■ z® n in S. It is easy to check that a monomial ideal has 
a unique minimal set of generators that are monomials; assume that 
{mi, . . . ,m r } is a minimal set of monomial generators of M. Next, 
let X be an oriented polyhedral cell complex with vertices {1, . . . , r} 
labeled by {mi, . . . ,m r }. We will associate with X a graded complex 
of free S'-modules: for k = —1, . . . , dimX, let A k be the free ^-module 
with basis {e a } aeXk and let the differential ip k : A k — > A k _i be defined 



Note that m a /m T is a monomial when r is a face of a. The complex 



□ 



by 



(4.1) 




Fx : — > Adimx 




A 



o 



A-i 



is the cellular complex supported on X. Note that, with the identifi- 
cation A_i = S, the cokernel of (p equals S/M. The complex Fx is 
exact if the labeled complex X satisfies a certain acyclicity condition. 
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More precisely, for j3 G N n , where N = {0, 1, . . .}, let X-<p denote the 
subcomplex of X consisting of all faces a for which z 13 is divisible by 
m a . Then Fx is exact if and only if X^p is acyclic, which means that it 
is empty or has zero reduced homology, for all (3 G N ra , see [18, Propo- 
sition 4.5]. Note, in particular, that the acyclicity does not depend on 
the orientation of X. When Fx is exact we say that it is a cellular 
resolution of S/M. 

To put the cellular resolutions into the context of [5], let us consider 
the vector bundle complex (2.2), where for k = —1, . . . , N — dimX 
is a trivial bundle over C n of rank equal to the number of faces in 
Xk, with a global frame {e a } a( zx k , endowed with the trivial metric, 
and where the differential ifk is given by (4.1). We will say that the 
corresponding residue current R is associated with X and denote it 
by R x , and we will use R a to denote the coefficient of e a <8> ejj. The 
induced sheaf complex (2.3) is exact if and only if Fx is. This follows 
since the ring Oq of germs of holomorphic functions at G C n is flat 
over S. (To see this, first, the localization So of S at the maximal ideal 
at is flat over S. Next, the completion of So as well as Oq is the 
ring of formal power series. It then follows that Oq is flat over So, see, 
e.g., [17, Theorem 22.4].) We will think of monomial ideals sometimes 
as ideals in the polynomial ring S, sometimes as ideals in the ring of 
entire functions in C n , and sometimes as ideals in the local ring Oq. 

4.1. The hull resolution. Given a monomial ideal M in S and t G R, 

let V t = V t (M) be the convex hull in R n of {(t ai , t an ) =: t a | z a G 
M}. Then V t is a unbounded polyhedron in R n of dimension n and 
the face poset (i.e., the set of faces partially ordered by inclusion) of 
bounded faces of Vt is independent of t if t 0. The hull complex 
hull(M) of M, introduced in [8], is the polyhedral cell complex of all 
bounded faces of V t for t > 0. The vertices of hull(M) are precisely 
the points t a , where z a is a minimal generator of M, and thus hull(M) 
admits a natural labeling. The corresponding complex Fhuii(M) is a 
resolution of S/M; it is called the hull resolution. 

Example 4.1. Let iV be the complete intersection ideal (z^ 1 , . . . , 
Then, hull(iV) is the polyhedral cell complex consisting of the (n — 1)- 
simplex A = [vi, . . . , v n ] in R n and its faces, where V\ = (t bl , 1, . . . , 1), t> 2 = 
(1, t b2 , 1, . . . , 1), . . . , v n = (1, . . . , 1, t K ). The vertices v u ...,v n of hull(iV) 
are labeled by z^ 1 , . . . , z^ n , and we assume the faces are oriented so that 
the simplex a with vertices v^, . . . , Vi e equals [v^, . . . , Vi e ] if i\ < . . . < 
it. Then the corresponding cellular complex Fh u ii(iv) is the Koszul com- 
plex of (zi 1 , . . . , z^ n ), and 



(4.2) 



R hu\\(N) = q 



1 



A • • • A d 
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cf. Section 3.1 and Example 2.1. Note that a different orientation 
of the top-dimensional simplex A = [vi,...,v n ] would permute the 
residue factors in (4.2). □ 

The example shows that the hull complex of the complete intersec- 
tion ideal is the cellular complex consisting of a (n— l)-simplex together 
with its faces. In general, if M is Artinian, hull(M) is a polyhedral sub- 
division of such an (n — l)-simplex or, rather, it can be embedded as 
one, see, e.g., (the proof of) Theorem 4.31 in [18]. We will need the 
following more precise description of this embedding. To begin with, 
we note that an Artinian monomial ideal has monomials of the form 
Zi 1 , . . . , z@ n among its minimal monomial generators. Note also that 
every other minimal generator has degree smaller than fa in Zj. 

Proposition 4.2. Let M be an Artinian monomial ideal with (zj 1 , . . . , z^ 1 ) 
among its minimal monomial generators. Let N be the complete inter- 
section ideal (z^ 1 , . . . , z^ 1 ). Then hull(M) can be embedded as a refine- 
ment of hull(N) as labeled polyhedral cell complexes. 

We will be sloppy and not always distinguish between the hull com- 
plex of M and its embedding. 

Proof. That hull(M) refines hull (AT) as polyhedral cell complexes is 
Theorem 4.31 in [18]. In fact, it follows from the proof that it is a 
refinement also as labeled polyhedral cell complexes. To see this, we 
begin by recalling (slightly differently described) the construction of 
the embedding in the proof of Theorem 4.31. 

We know from Example 4.1 that hull(iV) consists of the faces of the 
simplex A with vertices v\ = (t bl , 1, . . . , 1), . . . , v n = (1, . . . , 1, t bn ). For 
a point p 7^ 1 := (1,...,1), with pi > 1, consider the line £ through 
1 and p. Since Pi > I, £ intersects A in a unique point, which we 
denote n(p). Moreover, since |hull(M)| is contained in the set where 
Pi > 1, we get a map 7r : | hull(M)| — > A, which induces an embedding 
of hull(M) into A by letting the faces of the embedded complex be the 
images 7r(er), where a G hull(M) (with the same labeling). 

Consider a face a' of hull(M) such that ir(a') C a = [v^, . . . , fjj. 
Then the vertices of n(cr') must be contained in the set {x G R™ | 
Xi — 1, % ^ ii, . . . ,ik}, since the Vi- are. A vertex v of hull(M) with 
label m v = z a has coordinates (t ai , . . . , t an ), so if ir(v) is contained 
in {xi = 1}, then we must have oti = in m v . It follows that r?v 
is of the form m a ' = z^ 1 . . . z^ k , and since each label of a minimal 
monomial generator is of degree at most bi in Zi, the same must hold 
for m a i since it is the common multiple of such labels. Hence, m a /\m a = 

z bn z hk □ 



Recall that a graded free resolution A,, (p, is minimal if and only if 
for each k, ipk maps a basis of A^ to a minimal set of generators of Im ipk, 
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see, e.g., [12, Corollary 1.5]. The hull resolution is not minimal in gen- 
eral, cf. Example 6.1. However, if M is a generic monomial ideal in the 
sense of [9, 19], the hull complex is simplicial, i.e., all faces are simplices, 
and it coincides with the Scarf complex of M, which is a minimal reso- 
lution of S/M, see [9]. The ideal M is generic if whenever two distinct 
minimal generators m 8 and rrij have the same positive degree in some 
variable, then there exists a third generator m k that strictly divides 
the least common multiple z a of 771$ and rrij, meaning that m k divides 
z" 1-1 • • • z"" -1 . Note that when n < 2 all monomial ideals are generic. 
The Scarf complex of M is the collection of subsets I C {l,...,r} 
whose corresponding least common multiple m; := 1cm je /mj is unique. 

5. Proof of Theorem 1.1 

We will prove a slightly more general version of Theorem 1.1. UN 
is a complete intersection ideal (zj 1 , . . . , z^ 1 ), by Example 4.1, hull(JV) 
is the polyhedral cell complex consisting of the faces of an oriented 
(n — l)-simplex A, with vertices labeled by zj 1 , . . . , z^ 1 . In particular, 
hull(7V) n _i consists of only the simplex A. 

Theorem 5.1. Let M be an Artinian monomial ideal in S — C[zi, . . . , z n 
Assume that Fx is a cellular resolution of S/M such that the underlying 
labeled polyhedral cell complex X refines the hull complex of a complete 
intersection ideal N = (z^ 1 , . . . ,z^), i.e., the (n — \)-simplex A with 
vertices labeled by z^ 1 , . . . , z h ™ ■ Then the associated residue current R x 
has one entry R a for each (n — 1)- dimensional face of X, and 

R a = sgn(cr, A) 5 — A • • • A 5 

where z^ 1 ■ ■ ■ z" n is the label of a. 

Theorem 1.1 corresponds to the case when X equals hull(M); the 
refinement is given by Proposition 4.2, and the orientation of hull(M) 
is implicitly assumed to be such that sgn((T, A) = 1 for each a G 
hull(M)„_i. 

Proposition 5.2. Let X and Y be oriented labeled polyhedral cell com- 
plexes such that X refines Y, and let E»,ip % and F,,ip, be the corre- 
sponding vector bundle complexes. For k > — 1 let a k : F k — > E k be the 
mapping 

(5.1) a k : e a H> sgn((j', a)—e a >, 

a'Ccr 

where the sum is over all a' G X k that satisfy a' C a G Y k . Then the 
a k are holomorphic and the diagram (2.4) commutes. 

We let X and N be as in Theorem 5.1, and Y = hull(TV). Since 
dimX = dimF — n — 1, the complexes E,,ip % and F,,ip m end at level 



z? 
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n — 1. Thus, identifying E_\ and F_i and taking Proposition 5.2 for 
granted, (2.5) yields 



R x = R 1 



a n _iR F = V sgn(a, A)—d 



o-cA 



A- • • A<9 



,6i 



here we have used (4.2) for the last equality. Since \X\ 
the sum is over all cr G X k , and since m A = z\ x ■ ■ ■ z^ 1 the coefficient of 
e a ® ejjj is just 



sgn(<7, A)d 



A • • • A d 



where z® 1 ■ ■ ■ z% n = m a . This concludes the proof of Theorem 5.1. 

Proof of Proposition 5.2. Since X refines Y as a labeled polyhedral cell 
complex, each m a /m a i in (5.1) is holomorphic and thus the a k are 
holomorphic. 

To show that (2.4) commutes, we first consider the case k > 1. Pick 
cr G Yfc. Then 
(5.2) 

e CT i — > > sgn(r, a) e T i — >■ > > sgn(r, cr) sgn(r , r) e T /. 

tCu tCct t'Ct 

Here the first sum is over the facets r G Yfc_i of cr, and the second sum 
is over the faces r' G X k ~\ that are contained in r. Moreover 
(5.3) 



^ Sgn(cr', a 



e a i i — > 



m„ 



-e T i. 



ct'Co- o-'Co-r'Ccr' 

Now the first sum is over the faces a' G X k that are contained in cr, 
whereas the second sum is over the facets r' G X k _i of cr'. 

Let X a be the /c-dimensional subcomplex of faces of X that are con- 
tained in a and consider r' G X^_ v Note that X being a refinement 
of F means that X a is a polyhedral subdivision of cr. Assume that r' 
is contained in a facet r of cr. Since dimr' = k — 1 = dimr, there is a 
unique such r, and thus the coefficient of e T > (in the rightmost expres- 
sion) in (5.2) equals sgn(r, a) sgn(r', r)^-. Moreover, r' is contained 
in the boundary of \X a \ and thus by Lemma 3.1 there is a unique 
cr' G X^ such that r' C cr'. Therefore the coefficient of e r > (in the right- 
most expression) in (5.3) is sgn(cr', a) sgn(r', cr')^. By Lemma 3.2 
these coefficients coincide. 

If r' is not contained in any facet r of cr, then clearly the coefficient of 
e T r in (5.2) is zero. Also, then r' is not contained in the boundary of X a , 
and thus by Lemma 3.1, r' is a facet of exactly two faces cr' x ,cr' 2 G X%. 
Hence the coefficient of e T > in (5.3) is 



(sgn((ri, cr) sgn(r', c^) + sgn^, a) sgn(r, cr^)) 
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which by Lemma 3.3 vanishes. Since the sums in (5.2) and (5.3) are only 
over t', a' G X that are in X CT , it follows that ak-iOipk(e a ) = tpk°CLk(e a ). 

For k — 0, pick a vertex o G Yq. Since X is a polyhedral subdivision 
of Y and o is a vertex, the only o' G Xo with a' C cr is a' = a. Thus 
ip o a ( e o-) — i Po( m a/ m cT' e a') = rn a t§. Note that a_i maps to e0. 
Thus a_i o ^ (e<7) = "Veg. 

We conclude that afc_i o ip k = tp k o a fc for k > 0; in other words, the 
diagram (2.4) commutes. □ 



6. Comparison to previous results 

In [26] the current R = R x constructed from a cellular resolution 
Fx of an Artinian monomial ideal M was computed up to multiples; 
Proposition 3.1 in [26] asserts that R has one entry R a for each face 
a G X n _i, which is of the form 

(6.1) R„ = c a d 

for some c a G C, where z® 1 ■ ■ ■ z% n is the label of a. The main novelty 
in this paper, except for the new proof, is that we show that c a — 1 
(or —1, depending on the orientation of X) and thus give a complete 
description of R. 

Let anni? C Oq denote the annihilator ideal of R, i.e., the ideal 
of germs of holomorphic functions £ at G C n that satisfy i?£ = 0. 
Note that anni? CT = (z" 1 , . . . , z" n ) =: m a . A monomial ideal of this 
form is said to be irreducible. Each monomial ideal M can be written 
as finite intersection of irreducible ideals; this is called an irreducible 
decomposition of M. Since one has to annihilate each R a to annihilate 
R, Theorem 5.1 implies that, provided X is a polyhedral subdivision 
of A, 

ann R — H m OCT , 

which gives an irreducible decomposition of ann R = M. Here a a is the 
multidegree of the label of a. If Fx is a minimal resolution of M this 
decomposition is irredundant in the sense that no intersectand can be 
omitted. Each monomial ideal has a unique (monomial) irredundant 
irreducible decomposition. 

Using that R satisfies the duality principle and results [9, Theo- 
rem 3.7] and [18, Theorem 5.42] about irreducible decompositions, in 
[26], we could in some cases determine which c a are nonzero. If M is 
a generic monomial ideal, Theorem 3.3 in that paper says that c a is 
nonzero if and only if a is in the Scarf complex (which is a subcom- 
plex of any cellular resolution of M), and if Fx is a minimal resolution 
of M each c a is nonzero by Theorem 3.5. Let us look at an example, 
where these theorems do not apply. 



A • • • A d 
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FIGURE 2. The hull complex of the ideal M in Exam- 
ple 6.1 (labels on vertices and 2-faces) (left) and the cell 
complex of a minimal free resolution of M (right). 



Example 6.1. Consider the ideal M = (zf, ziz 2 , z±zs, z 2 , z 2 z^, z%) C S — 
C[zi, z 2 , 23], i.e., the square of the maximal ideal at in S. The hull 
complex of M is a refinement of the 2-simplex A with the vertices 
labeled by zf,z 2 ,z^, see Figure 2. 

There are four faces a±, . . . , 04 in hull 2 (M) with labels m ai = zfz 2 z 3 , 
m a2 = z\z\zz, m a3 = z\z 2 z\, and m a4 = z\z 2 z z . By Theorem 5.1, 
the current R therefore has four entries: three entries of the form 
R Cl = ±d[l/zl] A d[l/zj\ A d[l/zi] for i = 1, 2, 3, corresponding to the 
three corner triangles in hull(M), and one component R ai = 9 [1/2:3] A 
d[l/z 2 ]Ad[l/z 1 }. 

The hull resolution is not a minimal resolution of S/M. In partic- 
ular, M is not generic. By arguing as in the proofs of Theorems 3.3 
and 3.5 in [26], using that R satisfies the duality principle and that 
M= (zj,z 2 , 23) H(zi, zlz 3 ) n( Zi,Z2,z%) is the irredundant irreducible 
decomposition of M, would only be able to conclude that first three 
c aj in (6.1) are non-zero, but not whether c CT4 is. 

A minimal resolution of S/M is obtained by removing one of the 
edges of the inner triangle in hull(M), see, e.g., [18, Example 3.19]. 
The cell complex X of one such resolution is depicted in Figure 2. 
Note that X is a refinement of A (although different from hull(M)) so 
that Theorem 5.1 applies; the corresponding residue current consists 
of the three entries R ai , R a2) and R az above. □ 

In [26] the current R is computed as the pushforward of a current 
on a toric log- resolution of M. The computations are inspired by [25] , 
where Bochner-Martinelli residue currents, cf. Example 2.1, of mono- 
mial ideals are computed, and they become quite involved. The coeffi- 
cients c a appear as certain integrals in the log-resolution and are hard 
to compute in general. The proof of Theorem 5.1 given here is more 
direct and much less technical than in [26]. 
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It would be interesting to investigate whether the comparison for- 
mula for residue currents could be used also to compute Bochner- 
Martinelli residue currents. In [25] it was shown that if M is an Artinian 
monomial ideal, the Bochner-Martinelli current Rg M of (a monomial 
sequence of generators of) M is a vector valued current with entries of 
the form (6.1), for certain exponents a. In some cases we can compute 
the coefficients c CT , e.g., if n — 2 and each minimal generator of the 
monomial ideal M is a vertex of the so-called Newton polytope of M; 
the coefficients are then equal to ±1, see [27, Section 4.2]. 

If E,, tp, is the Koszul complex of M and F,, ip m is the Koszul complex 
of a complete intersection ideal (zf 1 , . . . , z^ n ) contained in M, it is not 
hard to explicitly find mappings a k so that the diagram (2.4) commutes. 
Indeed, let mi, . . . , m r be a minimal set of generators of M, ordered so 
that rrij — z ■ 2 for j — 1, . . . , n; note that there are such generators since 
M is Artinian. Identify the set of generators with a section mjej of a 
(trivial) rank r bundle E. Similarly identify zf 1 , . . . , z^ n with a section 
^2zj 3 €j of a rank n bundle F and construct the Koszul complexes 
E m , (p. and F m , as in Example 2.1. Now we can choose a fc _i : A fc F* — > 
A k E* as the mapping a k -i : A 



Ae 



dM 



BM 



Theorem 1.3 in [14] gives a formula relating the currents R E 
and FL F , which is given by (4.2). However, when M is not a complete 
intersection and thus E does not end at level n — 1, the formula relating 
the currents is more involved than (2.5); there appears an extra term, 
which seems hard to compute in general. 



7. Non- Artinian monomial ideals 

In [26] we also computed residue currents associated with cellular 
resolutions of non- Artinian monomial ideals. Proposition 5.1 in that 
paper says that if {z kl = ■ ■ ■ = z ks = 0} is an associated prime of the 
monomial ideal M, then there are components of the associated residue 
current R of the form 



(7.1) 



Cd 



1 



A • • • A d 



where C is (the standard extension of) a form (smooth in a Zariski- 
dense set) in the variables Zj,j ^ ki, . . . , k s , cf. (6.1). Again, as in the 
situation of Artinian ideals, if M is generic, we can determine precisely 
which of these forms vanish, see [26, Theorem 5.3]. 

The method in this paper is not as well adapted to resolutions of 
non-Artinian ideals. First, to be able to use the simple form (2.5) of 
the comparison formula for residue currents it is important that M is 
Cohen- Macaulay. Second, even if M is Cohen-Macaulay, there is in 
general no such natural (resolution of an) ideal to compare with as the 
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monomial complete intersection ideal N 
case. 

Example 7.1 . Let M be the ideal M 
Then 

" 



(z^ 1 , . . . , z h ™) in the Artinian 

(ziz 2 , ziz 3 , z 2 z 3 ) in S = C[zi, z 2 , z 3 \ 



(7.2) 







S ®2 



-Z3 

Z 2 





-z 2 

Z\ 



offi n Z\Z 2 Z X Z 3 z 2 z 3 



is a free resolution of M. Let E 1 ., </?. be the corresponding vector bundle 
complex. Next, let / be the regular sequence fi = ZiZ 2 , f 2 = (zi+z 2 )z 3 , 
and let F,,ip, be the Koszul complex of /, i.e., (the vector bundle 
complex corresponding to) 



(7.3) 







-{Zi + z 2 )z 3 
Z\Z 2 



Z\Z 2 (zi + z 2 )z 3 



cf. Example 2.1. It is easily verified that the morphisms 

1 



di = 



z\ + z 2 
z 2 



,a = 








and a_i = [ 1 ] 



make the diagram (2.4) commute. 

The variety of M is the union of the coordinate axes in C 3 ; in partic- 
ular, it has codimension 2 and, since (7.2) is of length 2, M is Cohen- 
Macaulay. Moreover (7.3) is a free resolution of the complete inter- 
section ideal (z±z 2 , [z\ + z 2 )z 3 ). Thus, we may apply the comparison 
formula (2.5), which gives 



R E = ai R' 



zi + z 2 

Z\ 



8- 



Ad- 



z\ + z 2 )z 3 z x z 2 



Note that 



(Zi + z 2 )z 3 




z\ + z 2 




Z3 




' 1 z 3 ' 




z 2 z 3 


Z\Z 2 




1 




Z\Z 2 




z 2 




Z\ 



Thus, by the transformation law (2.6), 



R E — 8— A d— 

Z 3 Z\Z 2 

Using Leibniz' rule (2.1) we get 



1 




+ 8- 



z 2 z 3 



a8- 

Z\ 





1 



z\ z 3 z 2 



1 





+ —8-a8- 

Z 2 Z 3 Z\ 



+ -8—A8— 

z 3 Z 2 Z\ 




1 



Note that R = R E has a component [l/zj]9[l/^] A 9[1/^] =: Ri for 
each coordinate axis {zj = Zk = 0}, and that anni?j = (zj, z k ). In gen- 
eral a current associated with a locally free resolution of an ideal sheaf 
a can be decomposed into components corresponding to the associated 
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primes of a. To annihilate the current one has to annihilate each such 
component, see [6]. Thus anni? = (-22,-23) H (-21,-23) H (-21,-22), which 
gives a primary (and irreducible) decomposition of ann R = M. 

Observe that R is not symmetric in z\ and Z2, although the ideal M 
is. This is, however, not too surprising, since the resolution (7.2) is not 
symmetric in Z\ and z 2 . 

□ 

A general strategy for computing the residue current associated with 
the resolution E,, </?. of a (monomial) Cohen-Macaulay ideal M of codi- 
mension p is to look for a regular sequence fi,---,f p contained in M 
and then apply the comparison formula (2.5) to E,, tp % and the Koszul 
complex E 9 ,ip. of /. One way of finding such a regular sequence is 
to consider p sufficiently generic linear combinations fi, ■ ■ ■ , f p of the 
generators of M, as was done in Example 7.1. However, as we saw in 
the example, when the fj are not monomials the computation of the 
current R F = R CH can become much more involved. Also, although 
the complex E 9 ,ip, is simple, it may be hard to find the morphism 
in general. Another difficulty in the non-Artinian case is that we do 
not know what form we expect the coefficients C in (7.1) to take. We 
do not know if they will look like the coefficients [l/z;] in Example 7.1 
in general. 

If E,, ip is a resolution of a non-Cohen-Macaulay ideal, the compar- 
ison formula in [14] is more involved than (2.5). For computations of 
residue currents in this case, see [14]. 

8. Relations to fundamental cycles 

Our original motivation for computing the coefficients c a of the en- 
tries (6.1) of R x was that we wanted to understand the current 

(8.1) D(p o R := D(p o • • • o Dtp^ o R, 

when R = R E is the residue current associated with a resolution (2.3) 
of an ideal sheaf a of codimension p and D = where Dj, is a 

connection on Ej,. 

If a is a complete intersection ideal, defined by the regular sequence 
fi, . . . , f p and (2.2) is the Koszul complex of fj, see Example 2.1, and 
D is the trivial connection d then (8.1) equals p\ times the current 

(8.2) R f CH f\dhf\---f\df p = {2<Kiy[a], 

where [a] is the current of integration along the fundamental cycle of a. 
For a definition of the fundamental cycle, see, e.g., [13, Chapter 1.5]; 
if a C O'q is Artinian, then [a] = m[0], where m = dimcC^/ * s ^ ne 
geometric multiplicity of a. The equality (8.2) was proved in [10]. 
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FIGURE 3. The staircase Tm of an Artinian monomial 
ideal in C 2 . The lattice points above T M are the expo- 
nents exp(M) of monomials in M. 



Using the comparison formula for residue currents from [14], we re- 
cently managed to prove that 

(8.3) Dp o R = p\(27vi) p [a] 

for any resolution (2.3) of a pure-dimensional ideal a C Oq, thus gen- 
eralizing (8.2). This factorization of the fundamental cycle is closely 
related to a result by Lejeune-Jalabert, [16], who proved a cohomolog- 
ical version of (8.3). It will be the subject of the forthcoming paper 

[15]- 

For the residue current associated with the hull resolution of a generic 
Artinian monomial ideal we can give an alternative proof of (8.3) (with 
the trivial connection d) using Theorem 1.1. In fact, we get a refinement 
of (8.3): for each permutation s±, . . . , s n of 1, . . . , n, 

(8.4) |£l dz Sl o ■ ■ ■ o |£l dz Sn o R = {2m) n [a\. 

We will show how this works when n = 2. For n > 3, the computation 
of dip gets more involved; we will therefore treat the general case in the 
separate paper [28]. 

First, let us describe the geometric multiplicity dim c Oq/M of a 
monomial ideal M C Oq. Let R + denote the nonnegative real numbers 
and let T M be the staircase \ LU G Af{ a + R +} of M - If M is 
Artinian, then Tm is a bounded set in R". The name staircase is 
motivated by the shape of Tm- If n = 2 each Artinian monomial 
ideal M is of the form M = (z ai w bl , . . . , z ar w br ) for some integers 
a-i > . . . > a r — and = bi < ... < b r . Then T M looks like a 
staircase with inner corners (cij,bj) and outer corners (a^, 6 J+1 ), see 
Figure 3. In general there is an "inner corner" a for each minimal 
generator z a of M and one "outer corner" a for each intersectand m Q 
in the irredundant irreducible decomposition. If M is generic, there 
is a one-to-one correspondence between faces a G hull(M) n _!, with 
labels m a = z a ° , and outer corners a in T M - The points in Z n nT M are 
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precisely the exponents of monomials that are not in M. In other words, 
0%/M = span c {^ a | a <£ T M }. It follows that dim c O^/M = Vol(T M ), 
where Vol is the usual Euclidean volume in R™. 

Now assume that n — 2, and that M is an Artinian ideal, minimally 



generated by z ai w a x > 



> a r = and = b\ < . . . < b r . 



Then hull(M) is one-dimensional, with one vertex Vi for each generator 
z ai w bi and one edge a i: with label z ai w bi+1 , for each outer corner in 
T M . The mappings in F hu n( M ) are given by ip : e v . i-> z ai w bi e® and 



H> Z" 



■v i+1 + ™ 



i e Vi and by Theorem 1.1, 



r-1 



jR = jR hull(M) = J2B 



i=l 



Ad 



e 0- 



Let us compute ^P-dz o ^P-dw o R. Note that 

1 nz ow 



dz 

dz 



dz 



i=i 



and 

so that 

chpo 
dz 



r-1 



w l — e*. <g> e 



<9u> 



cte o -r—dw = ^2 a i( b i+i - bi)z ai 



l dw = Y(b i+1 -b i )w b ^- bi —e* 



r-1 



dz dw 



dw 



w 



A 



i=i 



w 



Let Pi = {x G Tm \ < x\ < di,bi < x 2 < b i+ i} for i — 1, . . . , r — 1. 
Then the Pj form a partition of Tm, cf. Figure 4 and, in particular, 
Vol(T M ) = EVol(P). Note that Vol (Pi) = a;(6 m - h). Hence (iden- 
tifying <g> e0 with 1) 



r-1 



9v?0 ^o^i^oP=^Vol(P)^ 



r-1 



w 



i=l 



dz dw ^ 
hl — A — A<9 

2 u> 



A<9 



^Vol(P) 5 



"1" 




"1" 








1U 







A dz A dw = {2nif Vol(T M )[0], 



so we have proved (8.4) (for z Sl = z and z S2 = w). 

By similar arguments we get that ^-dwo^-dzoR = Y^lZi Vol(Qj)(27ri) s 
where Qi = {x G T M | a i+1 < X\ < aj,0 < rc 2 < &i+i} for i = 
1, . . . , r — 1, see Figure 4. Again, the rectangles form a partition of 
Tm and thus (8.4) holds also for this permutation (z Sl = w and z S2 = z) 
of the variables. To conclude, we have proved (8.3) for hull resolutions 
of monomial ideals in dimension 2 with D = d. 

For a generic Artinian monomial ideal M C O^n > 3 one can 
analogously define cuboids P QjS , where a is an outer corner of Tm and 
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Pr-1 




FIGURE 4. Partitions of T M as rectangles Pj and rectan- 
gles Qi. 



s is a permutation s 1? . . . , s n of 1, . . . , n, such that for a fixed s, {P atS } a 
defines a partition of T M and moreover 



'-dz Sl o---o — - 1 dz Sn = Vol(P aCTiS )z c 



-A---A— el 



51 Sn (T6hull(Af)„_i 1 " 

Together with Theorem 1.1 this proves (8.4) and thus (8.3) in this case. 
However, for n > 3, the construction of the P ayS is more delicate than 
that of Pi and Qi, see [28]. 
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